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How do we model a crack with the FEM?

n P P

v V {

N,

~IE—-
il

-
i ——
ﬂl"“n’m...u g
"
;

L
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FEM approximation is continuous, so crack faces must align with element edges
Remeshing for crack propagation.

expensive and complicated in 3D
Element deletion (crack band model)

Mesh dependent results

Difficult to achieve consistent fracture energy
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NORTHWESTERN Mesh Dependence of Element Deletion Method

Element deletion is popular in industry because it is very simple
But, mesh dependent results
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Fig. 3. Setup of a dynamic crack branching problem.

Ramulu M, Kobayashi AS (1985) Int. J. Fracture

Element Deletion (crack band model)

(structured mesh) (unstructured mesh) (structured mesh)

Song, Wang, Gracie, Belytschko IUTAM 2007
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owean - Extended Finite Element Method

How do we model a crack with the XFEM.
Moés, Dolbow, Belytschko IJNME, 1999.

u(x):;N, (x)u, +u”(x)

XFEM approximation is discontinuous, so crack are
arbitrarily located in the elements.

No Remeshing for crack propagation.




NORTHWESTERN
UNIVERSITY

u =;N1 (x)u,+ > N, (x)p(x)a,

.\]eS

enrichment

ZNJ(X)zl,‘v’erS
vJ

40(") IS called an enrichment function
¢(x) can be reproduce only exactly in Q..
Local enrichment
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Moes, Dolbow, Belytschko IJNME 1999 f>0,9">0
Liu, Karihaloo, IINME 2004 HNE

Ie{all nodes} F50,g%<0 i Fra0,g> 0
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J e {all step enriched nodes}

K e {all branch enriched nodes} o o
fi=0 fi<0g7<0 L g=0

u(x):;N,(x)u, + 2, N, (x)H(=f(x)g(x))a, +K, D N, (x)u” (x)

Jest LeS”
u® (x)= Mode | asymptotic
{+1,z > () solution

0,2<0 K, = Mode I SIF



N Governing Equations

Find u € U°, such that

[o(z(u)):e(vid2— [t-var =0, %veU

u(x):;Nl (x)ul
+2. N, (x)H(—f(x)g(x))aJ +K, 2 N, (X)“KI (x)
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Ventura, Gracie, Belytschko IJNME (accepted 2008)
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Ventura, Gracie, Belytschko IJNME (accepted 2008)
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Global: u(x)=;N,(x)u,+;_J(x)abs(x)aJ
du(x) & dN,(x) , dN,(x _
Element 3: dgc )ZIZ; d)f bug 4 d)E Jabs (x)a, + ¥, () H ()a

reproduce a constant strain

Ventura, Gracie, Belytschko IJNME (accepted 2008)
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Domain decomposition

mesh: c—o ©/><f~/o\co -0

&; ;NJ(X)ZI
e e e

Gracie, Wang, Belytschko IJNME (2008)



A Discontinuous Galerkin (DG) XFEM

NORTHWESTERN
UNIVERSITY

Decompose the domain into n,
non-overlapping subdomains
(patches).

Enrichments are applied over a

full patch. So enrichmentis local .. (% | af
and PU property is always == % %%Tf&]
satisfied. \ N R e e e T A

Continuity between patches is
enforced with an Internal Penalty

method: Wheeler (1978) & Arnold o iy
f>0,g%“>0
I Q.
. Q[r fa>0,g <0 .....
fe>0,g%<0 fe<0,g°>0 -,
..
L7
« i s VS
= I AT <0, g“>0
g e O I
fi=0 fi<0,g“<0 g =0 <0, g°<g ..
g =

Gracie, Wang, Belytschko IJNME (2008)
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=3[, o(+* o(w*)an] v
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B=LO>B|  0Qy, 0Q Qpp

N V- N
consistancy symmetry stability

Q;: domain of patch /3
u?: displacement of patch [ g
np . number of patches

60 5,: boundary of patch Fand 6

¢/0 : traction acting on patch [ on 0Q B0

)] = = (u” — uf)
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Gracie, Wang, Belytschko IJNME (2008)



DG-XFEM vs XFEM
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Elastic Crack Edge dislocation
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Gracie, Wang, Belytschko IJNME (2008)

Element Size

number of degrees of freedom
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XFEM for modelling Cracks in continua

Improved numerical integration of singular
enrichments

Improved accuracy and convergence with
discontinuous Galerkin scheme



NOREI‘E\’ERSIT—‘I;ERN O U t I i ne

Challenges to modelling discontinuities with FEM

Extended Finite Element Method (XFEM):
Modelling Cracks

Some improvements to the XFEM
Efficient Numerical Integration
Discontinuous Galerkin

Modelling Dislocations
Approximations
Peach-Koehler force
2D and 3D
Thin Shells



NORTHWESTERN Dislocations

UNIVERSITY

Plasticity in metals is the result of complex
processes involving dislocations

; * T

"~ Submicron Au Columns:

Volkert, Phil Mag. 2006

ress (MPa)

00 4

In MEMS devices material interfaces act as

sources for dislocation nucleation.
Dislocations degrade the electronic properties of

the device.
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Volterra Peierls-Nabarro

Ut Auf

T

(a) (b

E*IV

(Volterra 1907, Eshelby 1953) the strain field due to a dislocation is
completely characterized by the definition of the slip profile along
the glide plane.

The modelling of dislocations can be accomplished by solving the
equilibrium equations subject to displacement boundary conditions
on internal surfaces.

Adopt an eXtended Finite Element Method (XFEM) to introduce
discontinuities into the finite element approximation space.
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NORTHWESTERN Dislocation Dynamics (DD)

Determine static state of stress given number and
location of dislocations

Calculate driving force on each dislocation
(Peach-Koehler force)

3. Updatg Dislocation positions using a phenomenological
laworNotion.

F™“=Mx +Bx

a

Where M = virtual mass, B = lattice drag

4.  Apply empirical rules ( nucleation, annihilation, etc)

5. Goto 1
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Superposition (van der Giessen and Needleman 1995)

¢ _ t—>2t™
/// \\\\
Pt .o
— ! _\\
— X » ,\' +
\ /
i u—>xu®™
1
6(x)= g 6> (x)+o'(x)
a=l,n
Linear B
Isotropic materials I NIV i

Single material systems

o I

Expensive. O(n?). pr— 00 BN s
Volkert, et al. 2006

Sakai, et al. a APL 1997



ORTIENTE S Tl Edge dislocation enrichment

1. Tangential Step Enrichment (Gracie et al IJNME 2007)

=> "N, (x)u +bH(f ) ( )ZN .
Ji JESp ‘3‘/,
1/2  ifz>0 S S
= 3‘\%/”7::1)
H(z) {—Uz if 2 <0 B A
f(x)=0a +ax, T 7

b is a known quantity, so no additional degrees of freedom
2. Hybrid (Core+Step) Enrichment (Gracie et al JMPS 2008)

:ZN,(x)u,
+bZN H(f(x))H(-g(x))

Jest

+b > N (x)u”

Kes* fi=0-/

faDO,gfz‘fo fa<0,ga>0
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NOAMEIIFSITEN Methods to calculate the Peach-Koehler force

1. Peach-Koehler formula: Peach and Koehler (1950)

oU
PK (.C\ _ _ C D(.C
Fl (on)_8 C _gaxqc(xa)_ca (Xa).ba)
X& X
6. = stress due to dislocation « b = Burgers vector

& = Local tangent to dislocation line

* in superposition methods @ is a sum over all dislocations

2. J-integral: Eshelby (1951), Rice (1968)

« when the approximation is: .

u(x)= ;N, (x)u,+b > N, (x)H(f(x))H (g(x))

JeSH

we can use the J-integral

FIPK <X§>:Jz :_f
L,

ndl

1
5 0y8y6k1 o Oikui,z

Belytschko, Gracie IJP (2007)
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3. Modified Peach-Koehler formula: Gracie et al. JMPS (2008)
* A significant advantage with using the approximation is:

u(x) =;N1 (x)u,+b > N, (x)H(f(x))H(g(x))+b D> N (x)u(x)

JeS KeS®

|s that a modified Peach-Koehler formula can be used
B (x{) =&, x([e"™ (x)—o? (x{)] b,

b = Burgers vector

& = Local tangent to dislocation line
¢ = Stress from XFEM approximation

6. = stress due to dislocation «

* in XFEM GXFEM iS a sum over a subset of all dislocations

* more efficient than superposition of all dislocations
Gracie, Oswald, Belytschko JMPS (2008)
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Application to interface problems
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Misfit dislocations in layered
anisotropic materials
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X

Schematic of dislocation on (111) glide

Si/SiGe layered system — lattice
plane in layered system

mismatch leads to misfit dislocations

Direction
of slip

1
‘!

Cross section of (111) glide plane Stress \COntours (left) o,y, (right) crx)‘(”‘,vresulting
showing slip across the shaded region from misfit dislocation and threading segments

Oswald, Khare, Gracie, Belytschko CMAME (accepted 2008)
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NORTHWESTERN Plasticity in Carbon Nanotubes

Plasticity in carbon nanotubes at high temperatures (Huang, Nature
2000) e
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NOAMEIIFSITEN Continuum model for dislocations in thin shells

Buckling of perfect nanotubes: Arroyo (2002) thesis

Kirchhoff-Love thin shell versus atomistics

Atomistics are expensive, restricted to short tubes of small
diameter
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] XFEM dislocations model for shells

u’(6,60,)= > N,(6.,60,)¥"(6.,6,)+ > N.(6.6,)¥"(6,.6,)

Jest Kest

W, WP, Pt T WPk WP WP W W Wi

P P P s Pt Pt )

I Pl P Pl Pl P |
P Wt }

P g T W W D Pl B P )

Oswald, Gracie, Khare, Belytschko CMAME (submitted 2008)
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[15,15] CNT
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